We prove that generic one-parameter families of vector fields on S 2 with a parabolic cycle (families of class P C) are structurally stable. The bifurcations in these families are classified.
Definition 1. A vector field of class P C is a vector field with a parabolic limit cycle γ and no other degeneracies. Namely, the following assumptions hold:
• all the singular points and limit cycles of the vector field except for γ are hyperbolic
• the vector field has no saddle connections
• the parabolic cycle γ is of multiplicity 2.
In [S] it is proved that vector fields of class P C form a Banach submanifold of codimension one in the space Vect 2 (S 2 ) of C 2 vector fields on S 2 . We will denote it by PC.
Structural stability.

Theorem 1. A generic one-parameter unfolding of a generic vector field of class P C is weakly structurally stable.
Vector fields from this theorem have to satisfy an extra genericity assumption in addition to those included in the definition of class P C . This assumption is presented in Section 1.6, where an improved version of Theorem 1 is stated.
The genericity assumption for the unfolding is transversality to PC.
Time function.
The following arguments are based on the heuristic principle: local dynamics near an equilibrium point usually determines a canonical chart at this point. For simplicity, in what follows, vector fields are infinitely smooth. Let v be a vector field of class P C , γ be its parabolic limit cycle. Let P be a germ of the corresponding Poincarè map P (x) = x + ax 2 + . . . .
By assumption, a = 0. Rescaling x and changing sign if needed we can make a = 1.
Theorem 2 (Takens).
The Poincarè map has an infinitly smooth generator: a germ of a vector field u(x) = x 2 + . . . at zero, whose time one phase flow transformation equals P :
The smooth generator u of P is unique.
Let Γ be a cross-section to γ, and O = Γ ∩ γ, x be a chart on γ with x(O) = 0 in which P has the form (1) with a = 1. Let Γ + and Γ − be the parts of Γ where x ≥ 0 and x ≤ 0 respectively. Define the time functions on Γ + and Γ − , unique up to adding a constant. Chose an arbitrary small x 0 > 0 and let:
These are the time functions indeed: T + (x) is the time of the motion of the point x 0 to the point x ∈ Γ + \ {0} along the solution of the equationẋ = u(x); T − (x) is the time of the motion of the point −x 0 to the point x ∈ Γ − \ {0} along the solution of the equatioṅ x = u(x).
Large bifurcation support.
The bifurcations in a local family that unfolds a vector field of class P C are not only reduced to splitting and vanishing of the limit cycle γ. They also produce so called sparkling saddle connections discovered by Malta and Palis [?] . Suppose that the vector field v ∈ PC has two saddles E and I on different sides of γ whose separatrices wind towards γ in the positive and negative time respectively. Let V = {v ε } be an unfolding of v transversal to PC, v 0 = v. Let γ vanish for ε > 0. Then there exists a sequence ε n 0 such that the vector fields v εn have saddle connections between the saddles E(ε n ), I(ε n ) close to E, I. These connections are called sparkling saddle connections.
This motivates the following definition.
Definition 2. Let v ∈ P C. The large bifurcation support of v is the union of the parabolic cycle γ and the closures of all the separatrices of the hyperbolic saddles that wind towards γ in the negative or positive time.
Remark 1. Large bifurcation supports are defined in a much more general setting in [I16] . The term is motivated by the heuristic statement that all the bifurcations that occur in the generic unfolding of v take place in a neighborhood of the large bifurcation support of v. This is shown below for vector fields of class P C. In the general setting it is proved in [GI*], work in progress.
The large bifurcation support for the vector fields of class P C (the reference to the class is skipped below) are characterized by two so called marked finite sets on a circle.
Marked finite sets.
Large bifurcation supports may be rather complicated, see Figure 1 .
Yet they admit a simple combinatorial description. The Poincarè map on Γ − , as well of Γ + in the charts T ± is the mere translation by 1:
Hence, the set of orbits of P on Γ ± is a circle S 1 ± = R + /Z, with the coordinate T ± ( mod Z). Denote by B + the set of all intersection points of the separatrices that wind toward γ with the half open segment [x 0 , P (x 0 )), x 0 ∈ Γ + . In the same way the set B − is defined for
Let us define an equivalence relation on B + and B − . Namely, two points of B + (or B − ) are equivalent if they belong to the separatrices of the same saddle. This induces the equivalence relation on A + and A − . This equivalence relation has the following property: two equivalence classes (a, b) , (c, d) are not intermingled on the oriented circle: either both points c, d belong to an arc from a to b, or none of them. 
Non-synchronization condition.
Definition 4. Two finite sets A + , A − ⊂ S 1 satisfy a non-synchronization condition provided that for any ϕ ∈ R,
We can now give an explicit form of Theorem 1. 
where h is a homeomorphism of the bases: Sing-equivalence has the following property. Let V = {v ε } and W = {w δ } be two sing-equivalent families. For any singular point O of v 0 (Õ of w 0 ) let O(ε)(Õ(δ)) be a singular point of v ε (respectively, w δ ) depending continuously on ε (or δ) and such that
Sing-equivalence is designed to imply this property. In a sense, this is the only result of this kind. In the future we plan to prove the following theorem.
Theorem 6. Consider two quasigeneric vector fields that are not of class P C . Suppose that they are orbitally topologically equivalent. Then their generic unfoldings are weakly equivalent.
Classification of P C families.
To any pair of finite sets on a coordinate circle ordered counterclockwise and enumerated:
M } a set of pairwise differences corresponds:
A pair A ± is non-syncronized iff all the elements of the set Λ(A ± ) are pairwise distinct.
Definition 6. Two non-synchronized pairs of marked finite sets A ± and B ± on a circle are equivalent iff the sets (6) Λ(A ± ) and Λ(B ± ) for these pairs are ordered in the same way. In more detail, let
In the theorem below we use the construction of pairs on non-synchronized sets corresponding to vector fields of class P C presented in Section 1.5. Any pair of non-synchronized marked finite sets determines the bifurcation scenario (sequence of bifurcations) in the corresponding class of P C families. This scenario will be explicitly described.
Bifurcations in the PC families
Embedding theorem
Takens embedding theorem for parabolic germs may be extended to their unfoldings. Theorem 8. [IYa] Let P ε be a generic one-parameter C ∞ unfolding of a paraboliuc germ
Then in the domain {ε ≥ 0} \ {0, 0}, the family P ε is C ∞ equivalent to a time one phase flew transformation of the field
where
The coordinate x ε that brings P ε to the time-one shift of the vector field w ε is called normalizing. From now on, the coordinate on the cross section Γ for ε ≥ 0 is the normalizing coordinate x ε .
Remark 2. Note that the normalizing coordinate x ε is C ∞ smooth on the set {ε = 0} \ {0, 0}. This means that it may be smoothly extended to some neighborhood of any point of this set. As a corollary, all the derivatives of x ε at ε = 0 exist and are finite.
Non-contact curves and canonical coordinates on them
Consider a vector field v of class P C; let γ be its parabolic cycle, Γ be a cross section to γ, O = Γ ∩ γ, and
be the germ of the Poincarè map . Consider a generic unfolding V = {v ε } of v, v 0 = v. Let P ε be the corresponding Poincarè map of v ε , and x ε the corresponding normalizing chart on Γ. Let C + and C − be two curves without contact, C ± ∩ Γ = ±x 0 . For ε > 0, consider an ε-depending time function of Γ:
.
This function may be explicitly calculated with the use of (8):
Note that T 0 is defined on Γ − \ {0} only and coincides with T − . Moreover, on Γ + \ {0},
The time function T ε (x)( mod Z) induces a coordinate on C − in the following way. Take a point a on C − and emerge a forward orbit of v from it up to the first intersection a with Γ. Let ϕ − ε (a) = T ε (a ). Note that ϕ − ε (x 0 ) = 0, and ϕ − ε (a) ∈ [0, 1) for any a ∈ C − . In the same way, let for any b ∈ C + , and emerge a forward orbit of v from b up to the first intersection b with Γ. Let
see Figure 2 . These ε-dependent coordinates on the non-contact curves C ± are called canonical.
Without loss of generality we may assume that the cycle γ is time oriented clockwise. Then the non-contact curves C ± are oriented counterclockwise by the canonical coordinates.
The Poincarè map of the non-contact curves
Consider a small ε > 0. The orbit of the vector field v ε that starts at a point a ∈ C − eventually reaches C + at a unique point a . This defines the Poincarè map
along the orbits of v ε .
Proposition 1.
In the coordinates ϕ ± ε , the Poincarè map ∆ ε : C − → C + is a mere rotation denoted by the same symbol: 
. This proves (10) for a = x 0 . For any other a ∈ C − , (10) follows from the definition of the charts ϕ ± ε .
Marked sets on the non-contact curves.
Denote by S + the set of all intersection points of the separatrices that wind toward γ with the non-contact curve C + . This set is in the natural bijection with the set B + introduced in Section 1.5. Hence, it is marked. Let us order the points of this set in the counterclockwise direction starting from the point next to 0: 
In the same way the marked sets
and the saddles I k are defined.
Realization Theorem
In order to prove Theorem 4, we need the following lemma. 
Let us change the smooth structure on S 2 in such a way that W becomes a smooth vector field w on the manifold thus obtained. The new manifold is homeomorphic to S 2 and smooth. There is only one smooth structure on S 2 . The vector field W becomes a smooth vector field on the new copy of S 2 . This vector field is the desired one.
We can now prove Theorem 4.
Proof. Let B ± be two marked sets on the coordinate circle. We want to construct a vector field of class P C that produces these sets via the construction of Section 1.5. Take two circles on S 2 and denote them C − and C + . A domain bounded by C + (C − ) and not containing C − (C + ) is called interior domain of C + (exterior domain of C − ). Let us put the point infinity into the exterior domain of C − . We will construct a vector field of class P C with marked sets A + on C + and A − on C − such that there exists a homeomorphism C + → S 1 (C − → S 1 ) that brings A + to B + (A − to B − ). By Lemma 1 it is sufficient for the proof of Theorem 4. The construction is proceeded inside C + ; outside C − it is quite the same. a. Take any two equivalent points of the set A + and connect them by a smooth arc transversal to C + at its endpoints, whose interior part lies inside C + . The arcs should be pairwise disjoint. Take a point in the interior part of each arc; this will be a saddle of the vector field v to be constructed. The parts of the arcs from the endpoints (future truncation verteces ) to the saddles should be called incoming separatices, Figure 4a .
b. The closure of the interior part of C + is split by the arcs just constructed to topological disks. Let us choose a point inside each of these domains; this will be an attractor of v. Connect each saddle on the boundary of the topological disk above to the attractor inside it; this will be an outgoing separatric of the saddle, see Figure 4b . Now each saddle has four separatrices: two ingoing and two outgoing.
c. The domains to which G + is split have one of the two shapes shown on Figure 5a , b. On any arc of the curve C + which is an edge of the domains mentioned above, take all the points of the set A + ; each of them is a separate equivalence class of the marked set A + . Add to this point a graph shown at Figure 5c ; the attractor A on this figure should coincide with the attractor A in the domain, see Figure 5d , e. The construction of the separatric skeleton of v is over, see Figure 4c . We can now construct the vector field v with this skeleton inside C + and outside C − . Between C + and C − the vector field v has a standard parabolic cycle; C ± are non-contact curves for v. The construction of v is over. This proves Theorem 4.
The connection equation.
In this and the next section we describe the bifurcations in a family of class PC.
Consider a vector field of class P C and its unfolding V = {v ε } of class PC, v 0 = v. Let E m ( and I k ) be the saddles outside (respectively, inside) the parabolic cycle γ of v whose separatrices γ − m (γ + k ) wind towards γ in the positive (respectively, negative) time. Let A ± be the marked finite sets on the coordinate circle constructed in Section 1.5.
The vector fields
The germs of their separtrixex at these saddles depend continuously on ε. Denote by l − m (ε) the separatrix with a germ (l − m (ε), E m (ε)) that is continuous in ε and coincides with (l − m , E m ) for ε = 0. In the same way separatrices l
The sets A ± (ε) depend continuously on ε and coincide with A ± for = 0. Therefore, if A ± is a pair of non-synchronized sets, then A ± (ε) also is for ε small. Let
That is, τ km (ε) is the length of the positively oriented arc from a − m (ε) to a
For the non-synchronized sets A ± (ε), all the numbers τ km (ε) are pairwise distinct.
As the pair A ± (ε) is non-synchronized , the values of τ km (ε) are pairwise distinct. A saddle connection between the saddles E m (ε) and I k (ε) occurs iff
By Proposition 1, this is equivalent to
Another form of this equation is:
This is a connection equation.
Proposition 2. For ε small and n large enough, equation (12) has a unique solution.
The solution of equation (12) is denoted by ε kmn . The proof of Proposition 2 is well known, but we repeat it here because ir is very short.
Proof. Take ε 0 > 0 so small that the function τ km is well defined on [0, ε 0 ]. By Theorem 8, this function has a bounded derivative on the whole segment. On the other hand, τ (ε) → +∞ as ε → 0, by (9). Take ε so small that
Then for any n > τ (ε 0 ) − τ km (ε 0 ), the connection equation (12) has a unique solution.
The bifurcation scenario
The bifurcation scenario in a one-parameter family is a sequence of bifurcations that occur as ε changes. When ε decreases from ε 0 chosen above to 0, a countable number of bifurcations occur. Let us describe them. Let ε n be the sequence defined by the equation τ (ε n ) = n; ε n is well defined for n large enough. Indeed, τ (ε) → ∞ as ε → 0 by (9). Without loss a generality, we may assume that none of τ km (0) is 0. Elsewhere , we will slightly decrease x 0 . Then τ km (ε) = 0 for small ε. When ε changes from ε n−1 to ε n , ε n−1 ≤ ε < ε n , the difference n − τ (ε) decreases monotonically from 1 (included) to 0 (excluded). Let us order the numbers τ km in a decreasing way. Then n − τ (ε) hits first the largest of these numbers, then all the other numbers subsequently. As all the numbers τ km (ε) are pairwise distinct, there will be only one hit at a time. Denote the solution of the equation
km . The order of these solutions does not depend on n. For small ε the numbers τ km (ε) are ordered in the same way as τ km (0). Moreover, for any ε, δ small,
Hence, for n large, the solutions ε kmn are ordered in the same way as ε 0 kmn . In particular, their order does not depend on n.
Thus the saddle connections between E m (ε) and I k (ε) for ε ∈ [ε n−1 , ε n ) occur in the same order as the numbers ε kmn are located. This scenario is repeated cyclically in n as ε changes along the interval [ε n−1 , ε n ).
One of our main goals is achieved: the bifurcation scenario is described and justified.
LMF graphs and their connected extensions
LMF graphs as invariants
For any generic or quasigeneric vector field an LMF graph is defined, see [IS] for the definition.
Theorem 9. Two quasigeneric vector fields are orbitally topologically equivalent iff their LMF graphs are isotopic.
This theorem, in a much stronger form, is proved in [ALGM] , [F] .
Theorem 10 ([MA]). Images of two embeddings of the same connected graph on a sphere S 2 are isotopic iff the corresponding isomorphism of images preserves the counterclockwise order of the edges at each vertex.
We call the second part of this theorem the star condition, because it is related to the stars of the bertexes of the graphs.
In order to prove the weak equivalence of two families V = {v ε } and W = {w γ } we construct the LMF graphs M ε of v ε ,M δ of w δ , then find a homeomorphism Proof. Consider a face Ω of the Leontovich-Mayer-Fedorov graph of a quasigeneric vector field v, which is not of type 1 or 2 from Proposition 3. Let p be an interior point of Ω, γ(p) its orbit, α(p) and ω(p) its ω-limit sets. Any trajectory of a quasigeneric vector field has α and ω limit sets of the following three types only:
Faces of the LMF graphs
• a limit cycle,
• a sink or a source,
• a saddle.
Neither of the sets α(p) and ω(p) may be a saddle, or else γ(p) is a separatrix and belongs to the Leontovich-Mayer-Fedorov graph, a contradiction.
As the face Ω is not of the type 1 or 2 from the proposition, the curve γ(p) intersects the non-contact curves C α and C ω that surround α(p) and ω(p).
. Then a germ of the Poincarè map is defined:
There are two cases:
1. the germ P may be extended to the whole curve C α ;
2. the germ P may not be extended to the whole curve C α .
Note that there are no saddles in the faces of the Leontovich-Mayer-Fedorov graph bounded by C α and C ω and different from Ω. So, in the first case, Ω coinsides with the annulus bounded by C α and C ω , and is an annular face of type 3.
Suppose now that P may be extended to a proper subarc A of C α , p α ∈ A. By the continuous dependence of the orbits on initial conditions, the arc A is open. Let q be its boundary point. Then the orbit γ(q) of q does not reach C ω . Then its ω-limit set belongs to an annulus bounded by C α and C ω . It may not be a hyperbolic sinc or a limit cycle, because the basins of attraction of these sets is open, and the orbits from a whole neighborhood of q would not reach C ω . But q ∈ ∂A, a contradiction. So, ω(q) is a saddle.
The arc A may have one endpoint, say q, or two endpoints, say q and q . In the first case, A = C α \ q. Consider the second case. Take a sequence p n ∈ A, p n → q. Let γ n be the arcs of the phase curves of v between p n and P (p n ) ∈ C ω . Then there exists an arc γ = lim γ n in sense of the Hausdorff distance; γ is a union of the (arcs of) separatrices. For quasigeneric vector fields γ contains no more than one saddle connection, hence no more than two saddles. Denote its endpoint on C ω by Q.
In the same way take a sequence p n ∈ A, p n → q , and construct an analogous curve γ combined by arcs af separatrices of v with the endpoints q ∈ C α , Q ∈ C ω . Let B be the arc of C ω between Q and Q such that P (A) = B. Then the face Ω of the LMF grapf that contains p is a topological disk bounded by the union
we neglect the orientation.
The case of the unique endpoint q is treated in the same way, only the sequence p n converges to q from one side, and the sequence p n from another one.
Connected extension of the LMF graphs
Proposition 4. Any LMF graph may be extended to a connected planar graph with smooth edges.
Proof. The planar graph whose faces are topological discs is connected. So it is sufficient to add fictitious edges to the LMF graph as to destroy all its annular faces. For this we use Corollary ??.
For an annular face of type 1, take a smooth fictitious edge that connects an arbitrary vertex on the non-contact curve and the vertex on the limit cycle; all the interior points of this edge belong to the annulus; this assumption also holds in the next two items.
For a face of type 2, take a smooth fictitious edge that connects an arbitrary vertex on the non-contact curve and the singular point.
For a face of type 3, take a smooth fictitious edge that connects the verteces on the "empty" non-contact curves .
In all the three cases, the annular face is turned to a topological disc, and the graph becomes connected.
Connected extensions for the LMF graphs in PC families
Consider a local family V = {v ε } of class PC; v 0 = v ∈ P C. Let M ε be the LMF graphs of the vector fields v ε . Amidst the non-contact curves of v, the curves C ± are special: they do not belong to the graph M ε for ε > 0. All the other non-contact curves of v that belong to M 0 do belong to M ε . Hence, all the fictitious edges of M 0 described above and disjoint from C ± , generate continuous families of fictitious edges for the graphs M ε . Let us call them inherited edges. Proof. The planar graph whose faces are topological discs is connected. Proposition 3 implies that all the annular faces of the graph M ε are inherited from the graph M 0 . They are turned to the topological discs by adding the inherited edges. Hence, the graph N ε is connected.
Classification of P C families
In this section we prove Theorem 7. Any PC family gives rise to a pair of non-synchronized marked sets as explained in Section 1.5. Our goal is to prove that two PC local families are equivalent iff the corresponding pairs of sets are equivalent in sense of Definition 6.
From families to pairs of sets.
Lemma 2. Any pair of sing-equivalent local families gives rise to two pairs of marked sets that are equivalent in the sense of Definition 6
Proof. The heuristic proof of Lemma 2 goes like follows.
As the families V and W are sing-equivalent, saddle connections between corresponding saddles occur simultaneously. Hence, the sets Λ(A ± ) and Λ(B ± ) are ordered in the same way. This implies the lemma.
Let us pass to the detailed proof.
Let A ± (ε) be the family of pairs of finite sets defined for the family V in Section 2.6. Let B ± (ε) be the similar object for the family W . Let Λ(A ± (ε)) = {τ km (ε)} be the same as in Section 2.6, and
As the pair A ± is nonsynchronized, all the elements of the set Λ(A ± ) are pairwise different. The same holds for the set Λ(A ± (ε)) for small ε, because the sets A ± (ε) are continuous in ε. For the same reason, all the elements of the set Λ(B ± (ε)) are different.
As ε decreases, the saddle connections in the family V occur in the same order as the points τ km (ε) are located on the circle. This order is the same as for the set Λ(A ± ).
As the families V and W are sing-equivalent, the saddle connection between E m (ε) and I k (ε) occurs if and only if there is a saddle connections betweenẼ m (h(ε)) andĨ k (h(ε)). Hence, the sets Λ(A ± (ε)) and Λ(B ± (h(ε))) are ordered in the same way for all ε small. Therefore, the sets Λ(A ± ) and Λ(B ± ) are ordered in the same way too. Then, the pairs of sets A ± , B ± are equivalent in sense of Definition 6.
From pairs of sets to families.
It is wrong to say that equivalent pairs of sets correspond to equivalent families. Indeed, two vector fields of class P C that give rise to two pairs of equivalent sets may be topologically non-equivalent themselves. In fact, equivalent pairs generate equivalent bifurcations in a neighborhood of the large bifurcation supports but we will not prove that.
Lemma 3. Let two vector fields of class P C be orbitally topologically equivalent, and generate two pairs of marked non-synchronized sets that are equivalent in sense of Definition 6. Then generic one-parameter unfoldings of these vector fields are weakly equivalent.
Proof. This lemma repeats the second statement of Theorem 7. It is proved in the rest of the section.
Plan of the proof
Let v 0 and w 0 be two equivalent vector fields of class P C, andĤ be a homeomorphism that brings the phase portrait of v 0 to that of w 0 . Let V and W be generic unfoldings of v 0 and w 0 respectively. Let M ε andM δ be the LMF graphs of v ε and w δ respectively. Let N ε and N δ be the connected extensions of these graphs. We will construct a homeomorphism h of the bases of these families such that the graphs N ε andÑ h(ε) , hence M ε andM h(ε) , will satisfy the assumptions of Theorem 10. Then the graphs N ε andÑ h(ε) will be isotopic on the sphere. This will imply the equivalence of vector fields v ε , w h(ε) , hence weak equivalence of the families V and W .
Homeomorphism of bases and correspondence of graphs
Assume that the parabolic cycle in both families vanishes for the positive values of the parameter and splits for the negative ones. Otherwise, we reverse the parameter.
Let {ε kmn } be the sequence of the bifurcation parameter values defined in Section 2.6 for the family V , and {δ kmn } be the analogous sequence for the family W . In Section 2.7 it is proved that equivalent pairs of sets produce the same bifurcation scenarios. Hence, the sets {ε kmn } and {δ kmn } have the same order on the positive semiaxes:
Let h : (R, 0) → (R, 0) be a germ of an orientation preserving homeomorphism such that
Such a homeomorphism exists because of (13). This provides the desired homeomorphism of the bases. For any small ε we will construct a map
considered as a map of abstract graphs. Note that any element of the extended LMF graphs may be considered in two ways: as a subset of the sphere or as an element of the graph. From the first point of view, the edge is a continual set; from the second one, it is a single element. The edge considered as an subset of the sphere is denoted by Roman fonts, say l; the same edge considered as an element of the graph is denoted in boldface, say l. The same agreement is taken for verteces, limit cycles and non-contact curves ; the latter two are finite unions of verteces and edges.
Combinatorial equivalence of the LMF graphs: non-contact curves
Let us construct the map g ε on the non-coctact curves; this makes sense these curves are edges or unions of edges of the LMF graph.
LetĤ : S 2 → S 2 be the same as above. Let α be an arbitrary source of v 0 and α =Ĥ(α). Thenα is a source of w 0 . Let C(C) be a smooth curve without contact that surrounds α (respectively,α). We can modify the homeomorphismĤ in such a way that H(C) =C, andĤ still links v 0 and w 0 . Similarly, we may assume that H brings curves without contact corresponding to sinks and limit cycles of v 0 to those of w 0 . In particular, H(C ± ) =C ± .
Note that hyperbolic sinks, sources and limit cycles of v 0 persists, that is, change continuously with ε (or δ), for all the vector fields of the family V (respectively, W ). The corresponding curves without contact remain unchanged for small ε ∈ (R, 0) and δ ∈ (R, 0) . For ε < 0, the parabolic cycle γ splits in two hyperbolic cycles. The curves C + and C − remain the curves without contact for all small ε, and belong to the LMF graph of v ε for ε ≤ 0; for ε > 0 these curves are not included in the LMF graph. Same forC ± =Ĥ(C ± ) and the family W .
For any non-contact curve C of the graph N 0 , let
For any ε close to 0, any non-contact curve C = C ± for the vector field v 0 is at the same time a non-contact curve for the vector field v ε as explained above. So,
For C = C ± , the same formula holds for ε ≤ 0; for ε > 0, C ± are the curves without contact for v ε , but they do not belong to the graph N ε . In a small neighborhood U of the parabolic cycle γ of v 0 , the bifurcations in the family V are equivalent to those in the family W that occur in a small neighborhoodŨ ofγ, the parabolic cycle of w 0 . There exists a family of homeomorphisms H ε : U →Ũ that links the vector fields v ε and w h(ε) in this neighborhoods .
For ε < 0, two extra non-contact curves are added to the set of non-contact curves of v 0 . Namely, these are two non-contact curves D ± ε that separate two new born hyperbolic cycles γ ± ε that tend back to γ as ε → 0. LetD ± ε be similar non-contact curves for w ε inŨ . We can modify H ε in such a way that
This completes the construction of the correspondence g ε on the set of non-contact curves .
Combinatorial equivalence of the LMF graphs: vertexes
Let us construct the map g ε on the verteces of the LMF graphs N ε .
Verteces of the graph N ε are
• hyperbolic singular points
• truncation verteces
• verteces on limit cycles
• verteces on "empty" non-contact curve .
For any singular point E of v 0 there exists a continuous family E(ε), E(0) = E such that E(ε) is a singular point of v ε . Same for the family W , with the only difference that tilde is added to the notations.
LetẼ = H(E). Set: g ε (E(ε)) =Ẽ(h(ε)).
This defines the correspondence g ε on the singular points of v ε and w h(ε) . Let us now define the same correspondence on the truncation verteces. For this we need first to define the same correspondence on the separatrices.
Let E be a saddle of v 0 ,Ẽ = H(E). For any separatrix l of E, letl = H(l). Let E(ε) andẼ(h(ε)) be the families of corresponding singular points of v ε and w h(ε) . Let l(ε) be a family of separatrices of E(ε) whose germs at E(ε) depend continuously on ε; l(0) = l. Let l(δ) be a similar family for W . Set:
If l(ε) (andl(h(ε))) has a truncation vertex b ε (respectively,b(h(ε))) then set
Lemma 4 (Correspondence lemma). In assumptions of Lemma 3, suppose that the separatrix l(ε) has a truncation vertex b(ε). Thenl(h(ε)) also has a truncation vertexb(h(ε)) (that is,l(h(ε)) is not a saddle connection). Moreover, if b(ε) ∈ C, thenb(h(ε)) ∈C,C = g ε (C). The corresponding truncation verteces on the corresponding non-contact curves follow in the same order.
The correspondence lemma is proved below. For any hyperbolic limit cycle γ of v 0 , a continuous family γ ε of limit cycles of v ε is defined, γ 0 = γ; same for the family W . Letγ =Ĥ(γ). Set:
We can now choose a vertex b ε ∈ γ ε (b δ ∈γ δ ) continuous in ε (respectively, in δ), and set:
For the parabolic limit cycles γ (γ) and the verteces on the new born hyperbolic cycles
Same for the verteces on the empty non-contact curves D ± (ε) andD ± (h(ε)). This completes the construction of the correspondence map g ε on the verteces.
Combinatorial equivalence of the LMF graphs: edges
The edges of the extended LMF graph are:
• separatrices of hyperbolic saddles
• arcs of the oriented non-contact curves between the subsequent truncation verteces
• limit cycles as single arcs
• empty non-contact curves as single arcs
• fictitious edges that make the graph connected.
The map γ ε on the edges of the first, third and fourth kinds is already defined. Two classes remain.
Fictitious edges. Let f be a fictitious edge of the LMF graph N 0 of the vector field v 0 , disjoint from the non-contact curves C ± . Let {f ε } be the corresponding family of the inherited edges of the graph N ε , see Section 3.4. By Proposition 5, all the fictitious edges of the connected graph N ε for ε > 0 may be constructed in this way. Letf =Ĥ(f ) and {f δ } be an analogous family of fictitious edges for the family W . Set
By Proposition 5, this defines the correspondence between fictitious edges of the graphs N ε andÑ h(ε) .
Arcs of non-contact curves form the most delicate part of the construction. Let c be an arc of a non-contact curve C of v ε between two truncation verteces, b 1 and b 2 of separatrices l 1 (ε), l 2 (ε). Then, by the correspondence lemma, the truncation verteces
, the truncation verteces of the separatricesl 1 (h(ε)), l 2 (h(ε)), that belong to the corresponding non-contact curveC. Letc be an arc of a non-contact curvẽ C of w h(ε) between two truncation vertecesb 1 ,b 2 . Theñ c = g ε (c), and the vertexesb 1 ,b 2 are subsequent onC.
This completes the construction of the correspondence map g ε : N ε →Ñ h(ε) .
Checking the star condition and proof of Theorem 7 modulo the Correspondence Lemma
For any graph N ε ,Ñ δ consider its abstract realization N ε ,Ñ δ , and tautological embedding
We constructed a map g ε : N ε →Ñ h(ε) such that it is an equivalence of the abstract graphs. We will prove that the two embeddings of N ε :
satisfy the Star condition. By definition of g ε , for ε = 0
The map H 0 is an orientation preserving homeomorphism, hence the embeddings i 0 , j 0 • g 0 satisfy the star condition. The correspondence of labels is obvious. Now let us check the star condition for i ε and j h(ε) • g ε :=ĩ ε . Consider first the saddle singular points of v ε 0 . Any sindgular point of v ε 0 belongs to a continuous family of singular points of the fields v ε depending continuously on ε. Their separatrices depend continuously on ε too. The maps i ε andĩ ε are continuous in ε too. So if they satisfy the star condition at the hyperbolic saddles for ε = 0, then they do the same for any small ε.
For the stars of the verteces on the limit cycles and "empty" non-contact curves the star condition for small ε follows from this condition for ε = 0, even in the presence of the fictitious edges.
For the stars of the truncation verteces the arguments are the same. So, the embedded extended graphs N ε ,Ñ h(ε) are isotopic by Theorem 10. Hence, the families V and W are weak equivalent. Theorem 6 is proved modulo Correspondence Lemma.
CCC labels 4.9 Proof of the Correspondence Lemma.
Truncation arcs.
Consider a non-contact curve C = C ± of the vector field v 0 . As explained in 4.5, it is a non-contact curve for all the vector fields v ε for ε small. By assumption, C corresponds to a hyperbolic attractor or repeller; denote it by A. Without loss of generality we may assume that A is an attractor; the case of a repeller is treated quite in the same way. The attractor A is hyperbolic (a point or a cycle); hence it depends continuously on ε, that is, generates a continuous family A(ε) of attractors of the vector fields v ε . The union of basins of these attractors is open in the total x, ε space. Hence, the truncation verteces of v 0 on C generate a continuous family of truncation verteces on C that split C to a finite number of continuous families of arcs depending on ε. We will call these arcs truncation arcs. Let Ω be a truncation arc on a non-contact curve C of the vector field v 0 . Let C correspond to an attracting fixed point or cycle denoted by A, and F − be the face bounded by C and A. Let F be another face of M 0 whose boundary contains Ω. This face may be of one of the three types, see Figure 4 .9.3 and Proposition 3.
The non-contacted arc Ω belongs to a non-contact curve C . This curve is different from C ± for a hyperbolic arc Ω, and belongs to C + (C − ) for parabolic Ω, when A is an attractor (respectively, repeller).
The saddles of v 0 that belong to ∂F generate a continuous family of saddles of the vector fields v ε . If the arc Ω is hyperbolic, then C = C + , and the face F generates a continuous family faces
We will now describe hyperbolic and parabolic arcs separately.
Hyperbolic arcs.
Proposition 6. The only truncation verteces on the hyperbolic arcs for small ε are the endpoints of these arcs.
Proof. As mentioned at the end of the previous subsection, Ω ⊂ C and C = C ± because Ω is hyperbolic. Then C corresponds to a repeller R. It generates a continuously family of repellers R(ε) for ε ∈ (R, 0), and C is a non-contact curve for all of them. The faces F ε of the graph M ε mentioned at the end of 4.9.1 have two continuous families of edges: Ω(ε) and Ω (ε), Ω(0) = Ω, Ω (0) = Ω . The Poincarè map Ω (ε) → Ω(ε) along the orbits of v ε is well defined. Let p be an interior point of Ω(ε) and q = P −1 (p) ∈ Ω (ε). Then the future orbit of P tends to A(ε) and the past orbit of q tends to R(ε). Hence, the orbit of P is not a separatrix. Hence, no interior point of Ω(ε) is a truncation vertex.
Parabolic arcs
Let Ω ⊂ C be a parabolic arc. Let F be a simply connected face of M 0 adjacent to Ω and described in 4.9.1. Let, as before, C correspond to the attractor A. Then Ω ⊂ C + , and face F is on the three types shown on Figure 4 .9.3. Let us now describe truncation verteces that belong to Ω(ε) for given ε > 0.
Proposition 7. Let a k (ε) and a k−1 (ε) be the verteces of Ω (ε), cases a and b on Figure 4.9.3 . Then the interior truncation verteces on Ω(ε) belong to those separatices that emerge from the saddles E m (ε) for those m for which
Figure 7: Simply connected faces adjacent to a parabolic arc Ω.
In case c the same statement holds with (19) replaced by
Proof. Consider first case c. In this case there is only one saddle I 1 of v 0 whose separatrix winds toward γ in the negative time.
Let {Ω(ε)} be the family of truncation arcs of v ε , Ω(ε) ∈ C, Ω(0) = Ω. Suppose that ω(ε) ∈ Ω is a truncation vertex. We will prove that it belongs to a separatrix of one of the saddles E m (ε), and (20) holds.
On the contrary, suppose that ω(ε) belongs to a separatrix l(ε) of a saddle E(ε) such that no separatrix of the saddle E(0) of the field v 0 winds toward the parabolic cycle γ. Then all the outgoing separatrices of E(0) tend to hyperbolic attractors of v 0 . These separatrices are disjoint from the curve C − . The same holds for the separatrices of v ε emerging from the saddles E(ε) for small ε. On the other hand, if a separatrix l(ε) of some saddle of v ε crosses Ω at a point ω(ε), then:
• l(ε) crosses the arc Ω ⊂ C + at a point q(ε) = P −1 (ω(ε));
• l(ε) crosses the curve C − at a point α(ε) = ∆ −1 ε (q(ε)).
This contradicts to the statement of the previous paragraph, and proves that ω(ε) belongs to a separatrix of one of the saddles E m (ε). Moreover, inequality (20) holds, or else l(ε) is an incoming separatrix of I 1 (ε) and does not cross the arc Ω, see Figure 4 .9.3.
Consider now cases a and b. Similar arguments as in Case c imply that ω(ε) belongs to a separatrix of some saddle E m (ε) that crosses
). This implies (19) and proves the proposition.
End of the proof of the Correspondence Lemma.
We can now prove the Corresponding Lemma. ε) be the same as above, see Sections 4.4 -4.7. Let C be a noncontact curve of the vector fields v ε different from C ± , andC =Ĥ(C). We have to prove that the truncation verteces of v ε lying on C are in natural correspondence with those of w h(ε) , lying onC, and the corresponding verteces on C andC go in the same order; the details follow.
Begin with the truncation vertexes of v 0 . Let E be a saddle of v 0 , l be an outgoing separatrix of E, and the truncation vertex ω of l belongs to the noncontact curve C, different from C ± . Then C is a noncontact curve for all the vector fields v ε of the family V , and there are continuous families E (ε), l(ε), ω(ε) of saddles, their separatrices, and their truncation verteces respectively such that
ThenẼ is a saddle of w 0 ,l is its separatrix,C is a non-contact curve of w 0 ,ω is the truncation vertex ofl; it belongs tõ C. LetẼ(δ),l(δ),ω(δ) be the corresponding families for the vector fields w δ . Then, by the construction of the map δ ε , δ ε (ω(ε)) =ω(h(ε)).
This proves the correspondence lemma for the truncation verteces on C for the vector field v ε that come from those of v 0 . We can extend the map σ ε to the truncation arcs:
iff σ ε brings the vertexes of Ω(ε) to those ofΩ(h(ε)), andĤ brings Ω(0) toΩ(0). This map brings hyperbolic and parabolic arcs of v ε on C to the hyperbolic and parabolic arcs of w h(ε) onC respectively. By definition of these arcs, the latter statement should be checked for ε = 0 only. For ε = 0 it follows from the fact thatĤ brings arcs of phase curves of v 0 that connect a truncation arc to one of the non-contact curves C ± to a similar arc of w 0 . By Proposition 6, there is no truncation verteces strictly inside the hyperbolic arcs. So now we should deal with those inside the parabolic arcs only.
Let E, l, ω be the same as before (at the beginning of the proof) but now ω ∈ C − . Hence, l is an outgoing separatrix of E; the case of ingoing separatrix is treated in the same way. Suppose that E(ε) and (l(ε), E(ε)) are the continuous families of saddles and of germs of separatrixes at these saddles. Now the entire separatrixes l(ε) and their truncation verteces ω(ε) are discontinuous in ε; the separatrixes form sparkling saddle connections. Suppose that ω(ε) belongs to a parabolic arc Ω of a non-contact curve C.
LetẼ(δ),l(δ),ω(δ),C =Ĥ(C),Ω(δ) be the corresponding objects for the vector fields w δ . We have to prove first thatω(h(ε)) ∈Ω(h(ε)), and second, that the truncation verteces onΩ follow in the same way as the corresponding verteces on Ω. Let us prove the first statement.
Let F be the face adjacent to Ω, same as in Proposition 7 see Figure 4 .9.3.
Let Ω be the edge of F opposite to Ω. Consider first Case c. In this case, the endpoints of Ω coincide, and are equal to a + 1 (ε). Proposition 7 implies that the assumption ω(ε) ∈ Ω is equivalent to the following: the saddle E is one of the saddles E m whose separatrix, say l, winds to the parabolic cycle γ of v 0 , and
By the construction of h, this implies that
This implies, in turn that the truncation vertexω(h(ε)) belongs to interior ofΩ(h(ε)), and proves our first statement.
The points ω m (ε) follow on Ω in the same order as the points
follow on C − ; here n is such that
By definition of h, the assumptioñ λ 1ñ = min {λ 1m > {−λ(ε)}} implies:ñ = n. Hence, the pointsω m (h(ε)) follow onΩ in the same order as the points
follow onC − ; but this is the same order as (21), becauseĤ(a − m ) =ã − m . Cases a and b are treated in a similar way. A separatrix l m (ε) of the saddle E m (ε) hits the interior of the arc (a
By the construction of h, this implies:
Hence, the separatrixl m (h(ε)) of the saddleẼ m (h(ε)) hits the interior of the ark b
. The points ω m (ε) go in the same order as the points a − m (ε), that is, as the points b − m (h(ε)) that is, the pointsω m (ε). This proves the lemma for the truncation verteces on the parabolic arcs.
Corresponding hyperbolic and parabolic arcs on C andC follow in the same order; so the truncation verteces do. This proves the lemma.
Structural stability
In this sections Theorem 3, hence, Theorem 1, is proved.
Reduction to the Classification theorem.
Proposition 8. For C 4 -close vector fields v, w, the corresponding sets A ± (v), A ± (w) are respectively close.
This proposition is proved the next two sections. Let us now check that two close local families of class PC satisfy the assumptions of Lemma 3. This will imply Theorem 3.
Let V be an unfolding of v: V = {v ε |ε ∈ (R, 0)}, v 0 = v. Let w ∈ P C be so close to v that the Sotomayor theorem is applicable: w is orbitally topologically equivalent to v. Moreover, let v and w be so close that the corresponding pairs of non-synchronized sets A ± (v), A ± (w) are close, see Proposition 8. Then they are equivalent in sense of Definition 4. Now let W be an unfolding of w of class P C. All the assumptions of Lemma 3 for the families V and W are justified. Hence, they are equivalent. Therefore, the family V is structurally stable.
Takens theorem with a parameter.
The main step in the proof of Proposition 8is to check that canonical coordinates on the non-contact curves for close vector fields of class P C are close too. For this iit is sufficient to check that the time functions T ± defined in 1.5 are close for close vector fields. For this, in turn, it is sufficient to check that the generators of close parabolic germs are close. Proof. Let P and Q be two C 4 close parabolic germs on (Γ, O) = (R, 0):
α is small. Rescaling x in the second formula: y = (1 + α)x we get:
y, b are close to x, a. Let u a be a vector field
g a be its time 1 phase flow transformation; u b and g b be the same for a changed to b. Then
An easy calculation shows that R(x) = O(x 4 ),R(y) = O(y 4 ). The functions R andR are close in C 4 . We will now recall and use a well known procedure of finding the generators of the maps P and Q by solving the Abel equation, see for instance [?] or [I93] . The right hand sides of these equations will be close to each other; hence the solutions will be. Denote by W the generator of P . We will find it first for x > 0 in a special chart t a that rectifies u a :
The maps P and g a written in this chart is denoted byP andĝ α . Note thatĝ a is a mere translation by 1:ĝ a (t) = t + 1. LetP : t → t + 1 + Φ(t).
The function Φ decreases as t −2 at infinity, because R(x) = O(x 4 ). Let us find a map t → t + h(t) that conjugatesP and t + 1:
(id + h) •P = id + h + 1, or equivalently, h = h •P + Φ Below we will estimate the dependence of the solution of this equation on Φ. Note that the generator ofP isŴ = (id + h)
A well known formula provides h:
LetQ be the map Q written in the chart t b :
Then the generator ofQ isÛ = (id +h)
b ) * Û . As P and Q are C 4 -close, the functions Φ andΦ are C-close, same for h andh, h andh , W andÛ , W and U . This proves Proposition 9.
Proximity of the marked sets.
Here we complete the proof of Proposition 8.
Let v and w be two close vector fields of class P C, γ andγ be their (close) parabolic cycles, and C ± be their mutual non-contact curves that separate the parabolic cycles from the rest of the sphere. The vector fields v and w are orbitally topologically equivalent as explained above. Let E m ,Ẽ m , m = 1, . . . , M and I k ,Ĩ k , k = 1, ..., K be the saddles of v and w respectively, whose separatrices wind to γ andγ as described above; E m andẼ m , I k andĨ k are close to each other.
Then the intersection points of the separatrices of these saddles with the non-contact curves C ± are close. But we have to prove that these points are close on the coordinate circle with the coordinates ϕ ± ,φ ± induced by the time function corresponding to the Poincarè map P for γ and v and to the Poincarè map Q forγ and w. The latter statement follows from Proposition 9. This proves Proposition 8, and completes the proof of the Structural stability Theorems 1 and 3.
Bifurcation support vs large bifurcation support
In [AAIS] , Arnold introduced a notion of a bifurcation support. As he explained, the motivation was: to define a subset of a phase portrait of a degenerate vector field such that under the unfolding of this vector field all the bifurcations occur in a neighborhood of this subset. The following theorem shows that the bifurcation support is insufficient for this purpose. Begin with the quotation from Arnold.
Although even local bifurcations in high codimensions (at least three) on a disc are not fully investigated, it is natural to discuss nonlocal bifurcations in multiparameter families of vector fields on a two-dimensional sphere. For their description, it is necessary to single out the set of trajectories defining perestroikas in these families. This is an improved version of Theorem 5.
Proof. Consider a vector field v of class P C. A bifurcation carrier is an arbitrary point on the parabolic cycle γ of this field. The bifurcation support is the cycle γ itself. Under the unfolding of v, the cycle γ splits in two on one side of the critical value of the parameter, and vanishes on the other side. For any two vector fields of class P C their deformations are equivalent on their supports.
Consider now two vector fields of class P C with non-equivalent pairs of the corresponding non-synchronized sets, see Figure 8 for example. By Theorem 7, the unfoldings of these fields are not sing-equivalent.
This proves Theorem 11. Simultaneously Theorem 5 is proved.
